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a b s t r a c t

The new Covid-19 pandemic has left traces of suffering and devastation to individuals of almost all
countries worldwide and severe impact on the global economy. Understanding the clinical character-
istics, interactions with the environment, and the variables that favor or hinder its dissemination help
the public authorities in the fight and prevention, leading for a rapid response in society. Using models
to estimate contamination scenarios in real time plays an important role. Population compartments
models based on ordinary differential equations (ODE) for a given region assume two homogeneous
premises, the contact mechanisms and diffusion rates, disregarding heterogeneous factors as different
contact rates for each municipality and the flow of contaminated people among them. This work
considers a hybrid model for covid-19, based on local SIR models and the population flow network
among municipalities, responsible for a complex lag dynamic in their contagion curves. Based on
actual infection data, local contact rates (β) are evaluated. The epidemic evolution at each municipality
depends on the local SIR parameters and on the inter-municipality transport flow. When heterogeneity
of β values and flow network are included, forecasts differ from those of the homogeneous ODE
model. This effect is more relevant when more municipalities are considered, hinting that the latter
overestimates new cases. In addition, mitigation scenarios are assessed to evaluate the effect of earlier
interventions reducing the inter-municipality flux. Restricting the flow between municipalities in
the initial stage of the epidemic is fundamental for flattening the contamination curve, highlighting
advantages of a contamination lag between the capital curve and those of other municipalities in the
territories.

© 2020 Elsevier B.V. All rights reserved.
∗ Corresponding author.
E-mail address: vivas@ufba.br (J.G.V. Miranda).
ttps://doi.org/10.1016/j.physd.2020.132792
167-2789/© 2020 Elsevier B.V. All rights reserved.
1. Introduction

The SARS-CoV-2 coronavirus pandemic, also known as Covid-
19 or 2019-nCoV, emerged in the city of Wuhan, capital of Hubei
province, China, in late 2019, and spread to several Chinese cities
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s cases of pneumonia from unknown origin. Since that moment,
linical, social and geographic characteristics of the affected pa-
ients have been recorded, providing now a better understanding
f the contamination mechanism as well as of the health impacts
aused by the virus.
A huge number of individuals have become infected by the

ARS-CoV-2 coronavirus world wide. On January 30 2020, the
orld Health Organization (WHO) stated that the SARS-CoV-2
utbreak constitutes a Public Health Emergency of International
mportance — the highest level of alert in the Organization, ac-
ording to the International Health Regulations. On March 11,
020, the new SARS-CoV-2 viremia was characterized by WHO
s a pandemic [1].
The creation of innovative solutions to combat this pandemic,

nside and outside health agencies worldwide can minimize social
nd economic impacts [2,3]. Predictive models, for example, that
ranslate numbers into future trends of growth and decrease of
pidemics, can generate scenarios that serve as a basis for prior
ecision-making by territorial management agencies. A crucial
oint in the study of an epidemic phenomenon is the complexity
f the causal factors that can explain its magnitude.
The Susceptible–Infected–Recovered (SIR) model is widely

sed to describe the spread of epidemic infectious diseases, di-
ectly transmitted through contact from one person to another. It
rings up the discussion of population density and infection rate,
amely, whether a population is susceptible or not to an epidemic
ue to its density. According to [4] one of the most important
roblems in epidemiology is to verify if the epidemic ends only
hen there are no susceptible individuals, or if the interac-
ion of the various factors of infectivity, recovery and mortality
an cause its termination, while many susceptible individuals
re still present in the unaffected population. This problem has
ts complexity increased when non homogeneous features are
ncluded.

An important assumption made in compartmental ODE mod-
ls, such as SIR, is homogeneity. This homogeneity is expressed
oth in the possibility of contact between individuals, everyone
nteracts with equal probability with everyone else, and in the
ynamics of contamination, the contact rates are the same for
veryone. However, it is known that in very diverse regions, as in
he case of Brazil, with diverse populations, cultures and political
trategies to mitigate the epidemic, the diffusion mechanisms and
he possibilities of contact are much more heterogeneous than
an be assumed in these models. In systems like this, the evolu-
ion of the epidemic cannot be seen as a single time series of con-
agion showing a complex non local spread as studied by Araújo
n 2018 for dengue [5], using metapopulation approach [6–8] and
hybrid model [9].
The heterogeneity of this system causes the epidemic to ap-

ear at different times within different municipalities and with
ifferent growth patterns. Municipalities that initiated their mit-
gation strategies in advance will have different growth rates
ompared to those that do not, causing differences in the density
f infected populations among municipalities, generating a com-
lex gradient of infection that can pressure the contamination of
ew municipalities using the network of people flow between
hem [10]. Models that take this mechanism into account would
stimate more realistic scenarios, in addition to allowing the
esting of mitigation protocols focused on this heterogeneity. In
his work, we present a hybrid diffusion model of COVID-19 with
he objective of evaluating these complex dynamic scenarios and
ts difference from conventional homogeneous models based on
DE.
2

2. Materials and methods

2.1. SIR model

Most epidemiological models currently found in the literature
are based on the work of Kermack and McKendrick [4], known as
the Susceptible–Infected–Recovered (SIR) model. The SIR model
is appropriate in studies of infectious diseases that confer per-
manent immunity and consider individuals within the considered
region according to their disease status over time. Susceptible
individuals, denoted by S, refers to those who do not have the
disease at time t, but can be infected through contact with an
individual in the infected state, I. The recovered state, R, are those
who have recovered from the disease or are dead and can no
longer transmit the disease [4,11].

The SIR model is described by the following ordinary differen-
tial equations:

dS(t)/dt = −β · S(t) · I(t), (1)

dI(t)/dt = β · S(t) · I(t) − γ · I(t), (2)

dR(t)/dt = γ · I(t). (3)

where S represents the population susceptible to the disease,
while I and R represent the infected and recovered population.
β and γ are rates that represent the dynamics of disease spread,
the disease transmission rate and the recovery rate, respectively.

Eq. (1) describes the variation in the susceptible population
S(t) at time t. Since the infected population I(t) will have contact
with susceptible βS(t) per unit of time, the number of susceptible
people will decrease by βS(t)I(t) individuals and βS(t)I(t) suscep-
tible individuals will become infected at time t, Eq. (2). At the
same time t, as each infected individual will recover at a rate γ , a
total of γ I(t) individuals will recover, as indicated in Eqs. (2) and
(3).

The simplest epidemics SIR model has a high flexibility for
including generalizations and has been usually used as a first step
in the study of several diseases. The evolution to more complex
models is the natural course in the quest to understand impor-
tant characteristics of the infection progression over time. These
modifications generally include heterogeneities, subdivisions of
S, I and R compartments, and recovery rates for population sub-
groups, or even in the definition of these parameters through the
social interaction network of studied individuals [12,13].

2.2. The hybrid model

In addition to the limitations already mentioned in the stan-
dard epidemiological model, the equations that describe the dy-
namics of the disease consider a structure of random pair wise
interactions among individuals in the studied population. How-
ever, real populations often have specific structures under which
these individuals interact. This structure composed of subgroups
of individuals and their connections constitute a network where
infectious diseases tend to spread [11].

The information regarding the contagion dynamics between
municipalities presented in this work is the result of a hybrid
model composed of an epidemiological mathematical model of
SIR type, which estimates the disease dynamics for each munici-
pality, and of a flow network among municipalities that estimates
the spread of cases among them. Previous studies have shown the
importance of the transport flow network in the spread of viruses
like dengue [14].

The hybrid model consists of joining two modeling tech-
niques: a set of ordinary differential equations (ODE) and a
network population diffusion model. At each time step, the model
solves multiple ODE for the different municipalities within a state,
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Fig. 1. A schematic view of the model algorithm. The container population block represents a set of susceptible, infected and recovered populations for each
municipality.
considering as initial conditions the actual number of cases and
recovered for each municipality. After that, the flow network
is used to distribute populations of susceptible, infected and
recovered among pairs of municipalities and a new population
is estimated for the next step. An illustration of the algorithm is
presented in Fig. 1.

When we include inter-municipal flow interference, Eqs. (1),
(2) and (3) can be rewritten respectively by (4), (5) and (6),
where compartment variations due to internal contagion, de-
scribed by EDO, also depend on the variation caused by the flow
of individuals.

dSi
dt

= −βi

⎛⎝Si +
∑
jϵ{Ki}

∆Sji

⎞⎠⎛⎝Ii +
∑
jϵ{Ki}

∆Iji

⎞⎠ (4)

dIi
dt

= βi

⎛⎝Si +
∑
jϵ{Ki}

∆Sji

⎞⎠⎛⎝Ii +
∑
jϵ{Ki}

∆Iji

⎞⎠ − γ

⎛⎝Ii +
∑
jϵ{Ki}

∆Iji

⎞⎠
(5)

dRi

dt
= γ

⎛⎝Ii +
∑
jϵ{Ki}

∆Iji

⎞⎠ . (6)

where Si, Ii and Ri represent the containers of the SIR model
for each municipality i, β i is the transmission rate adjusted for
unicipality i, {Ki} is the set of municipalities neighboring mu-

nicipality i, ∆Sj and ∆Ij are the flux of susceptible and infected
population from municipality j to i. In this way, the sum repre-
sents the total number of individuals in each container that is due
to the flow network.

In order to illustrate the effects of heterogeneity in multiple
scales we used data from Brazil, a country full of heterogeneity,
with 8.516.000 km2 and multiple mitigation policies for different
geographical scales. Fig. 2 shows the average weekly flow of peo-
ple in Brazil, corresponding to the full set of road, air, and water
transport networks were considered throughout the territory in
2016 [15].

The values of the contact rates for each municipality (βi)
were estimated by adjusting the curves of accumulated cases of
infected people in the SIR model (using Eqs. (1), (2) and (3)) to the
reported data of accumulated cases for each municipality i, state
, and for the whole country, which are respectively indicated by
i, βs and βc . We used the gradient method to minimize the stan-

dardized error between the model and the point-to-point data.
In order to find the global minimum, we start the optimization
algorithm several times at different points in the parameter space
and consider the result that generates the smallest standardized
3

Fig. 2. The full set of road, waterway and air transport network in Brazil.
Source: IBGE [15].

error. If the municipality has less than 10 days from the start of
the first case and the total number of accumulated cases does not
exceed 75, we use the value of the state in which the municipality
is located βi = βs and, if the state does not match these same
criteria, we use the country value for Brazil, i.e., βi = βc . The
values of βs are computed by the sum of all cases from each
municipality within the state and the value of βc is computed
by adding the cases of all municipalities in the country. The
value of γ used for all municipalities was 1/6 [16]. We use the
municipalities as the smallest unit in the model, as they are the
smallest subdivision in which case notifications were released
and in which IBGE’s displacement flows are reported. The source
codes for the parameter setting can be found at [17] and for the
hybrid model at [18].

3. Results

Simulations were made by adjusting the cumulative case
curves from the occurrence of the first case in each municipality
(in Brazil, on February 24, 2020) for different periods that will
be described throughout the results. The initial conditions used
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Fig. 3. (a) Comparison of time series of susceptible (S), infected (I) and recovered (R) populations for ODE and hybrid model. (b) Fitting overlaid with real-world
observations for the city of Salvador. These results were generated based on available data until May 1, 2020.
in the hybrid model were the number of active cases, recovered
and susceptible individuals in each municipality on the last day
reported in the data set and the respective contact rates βi.

3.1. Comparing the hybrid model with the pure ODE model

The results presented in Fig. 3(a) show the time series of the
SIR compartments for Brazil resulting from the ODE and hybrid
model. We notice that the hybrid model has a delay in saturation
and a significant decrease in the active cases peak, showing that
the heterogeneity factor acts as a mitigating mechanism in the
spread of the epidemic. In Fig. 3(b) we see a comparison between
the adjusted curve and the real data for the city of Salvador,
explicitly a good agreement between the adjusted and the real
data.

To better understand how the increase in heterogeneity af-
fects the results, we compare the models for different territo-
rial scales. As we increase the scales, more municipalities are
included, enhancing the effect of heterogeneity in the results.

Fig. 4 shows the curves of active cases for three territorial
scales: municipality scale (we consider the city of Salvador), state
scale (Bahia) and country scale (Brazil). The number of munici-
palities in the state of Bahia and Brazil are, respectively, 417 and
5565. Note that the hybrid model departs from the ODE model
as more municipalities are included, increasing the heterogene-
ity of the system. It can also be seen that the peak of cases
decreases. This difference can be explained by the assumption
that, in the ODE model, everyone interacts with everyone, while
in the hybrid model the interaction is mostly restricted to each
municipality. Moreover, there is a delay in the contact between
the infected from one municipality with those susceptible living
in other places, making the effective contact rate lower. Also, in
the municipality scale for Salvador, the hybrid model has a slight
earlier peak, due the importation of cases from earlier infected
and larger municipalities as São Paulo and Rio de Janeiro.

3.2. Effect of flow network topology

We evaluated the effect of the network topology by comparing
the model results using the observed network with a random
network with the same number of edges and nodes and the same
weight distribution. Fig. 5 shows that randomizing the network,
the infected curve presents a different behavior for each territo-
rial scale. At the city level, the infected curve is affected similarly
to Fig. 4, that is, the randomization process only seems to modify
the initial configuration of the infected cities that influence the
growth rate of the curve in the city of Salvador, thus changing
4

Fig. 4. Comparison of the active case curves for the ODEs and hybrid model
in three territory scales: municipality scale (Salvador); state scale (Bahia) and
country scale (Brazil). These results were generated based on available data until
May 1, 2020.

the date of the peak. In the state curve, the results are close to
those presented in the simple ODE model, that is, the randomized
network that represents an intermediate topology between a
completely uniform structure, assumed in the ODE model, and the
real flow network of the hybrid model . On the country scale, the
results of the randomized network show a significant flattening
in the infected curve similar to that observed in the real flow
network curve. This indicates that, on this scale, the effect on
the number of cases in the real network is mainly due to the
municipalities with few connections, since in the rearrangement
of the edges for the random network, the municipalities that
correspond to network hubs suffer most changes.



J.G.V. Miranda, M.S. Silva, J.G. Bertolino et al. Physica D 415 (2021) 132792

B
n
a

3

o
m
t
m
a
i
T
f

f
f
i
c
m
r
t

Fig. 5. Effect of the network topology on the model results, considering the
effect of the network with random topology and with the observed topology.
Case curve for three scales of political separation: city scale (Salvador); state
scale (Bahia) and country scale (Brazil). These results were generated based on
available data until May 1, 2020.

Fig. 6. Evaluation of the effect of reducing inter-municipal flow in the state of
ahia: (a) Effect on the curve of active cases. (b) Effect on the time series of
umber of municipalities with cases> 1. These results were generated based on
vailable data until Apr 5, 2020.

.3. Effect of reducing the inter municipalities flux

The hybrid model allows for the investigation of a wide range
f scenarios. In addition to the parameters inherent to the SIR
odel, we can create different scenarios related to the flow pat-

erns between the municipalities. Indeed, several decisions about
itigation strategies in the spread of epidemics in Brazil are taken
t the state scale. Thus, we evaluated the effect of reducing the
nter-municipal flow in the state of Bahia, as illustrated in Fig. 6.
here we show the infection curves of people and municipalities
or 5 inter-municipal flow scenarios.

The results presented in Fig. 6(a) indicate the occurrence of the
lattening effect of the active case curve as the inter-municipal
low is reduced. Decreasing the flow between the municipal-
ties causes a de-synchronization between the most populous
ities, which are the first to become infected, and the other
unicipalities. This can even lead to a curve with two peaks,

educing the maximum number of active infected and delaying
he contamination of new municipalities.
5

Fig. 7. Comparison of the model projections in three scenarios: unrestricted
inter-municipal flux, blockade in the initial stage of contamination (mar/26),
and in an advanced stage (may/01) for (a) active cases curve and (b) number of
municipalities with more than one case. Inter-municipal blocks correspond to a
95% reduction in inter-municipal flow in the 41 most populous municipalities
in Bahia state. These results were generated based on available data until Mar
26, 2020.

In spite of presenting a significant reduction in the number
of cases, the generalized reduction in the flow of people among
all pairs of municipalities can represent a high social and eco-
nomic cost. However, we know that there are great differences
in population size and connectivity degree of the municipalities,
so that they are expected to act with greater or lesser impact in
mitigating the problem. This naturally leads to investigating the
effect of applying a drastic reduction in the flow of people to the
most populous municipalities, which we call a flux blockage.

3.4. The flux blockage effect

In this sub-section, we evaluated the effect of the 95% reduc-
tion in the inter-municipal flows directed to the 10% of the most
populous municipalities in Bahia, maintaining the flow between
the other municipalities without restrictions. We evaluated the
effect of applying this strategy in the initial and advanced stages
of the epidemic, corresponding to 20 days (26/Mar) and 56 days
(01/May), respectively, after the first occurrence. In this analysis,
we used the same contact rate values βi (based on data available
until Mar 26, 2020) for both scenarios, since the objective was to
assess only the effect of the intervention time and not the evo-
lution of the rates of contact that occurred due to the mitigation
policies in each municipality.

In Fig. 7(a), the case curves with and without flux lockdown
intervention scenarios are compared. In the initial stage (Block
mar/26), we can notice a reduction of 29% of the peak in cases
curve in addition to the occurrence of a second peak. When apply-
ing the same strategy at an advanced stage (56 days after, Block
may/01), the second peak disappears and there is a reduction
of only 9%. This effect occurs since, in the late scenario, many
municipalities have already been infected and the envisaged de-
synchronization between more and less populous municipalities
no-longer exists, as we can see in the graphs of Fig. 7(b).

4. Discussion

4.1. ODE x hybrid model

Our results show that the SIR hybrid model leads to important
variations in the pandemic behavior predictions when compared
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ith the SIR ODE model. This is due to three important charac-
eristics incorporated in the model: the spatial heterogeneity for
he infected populations, the different local contact rates and the
etwork of people flow. In conventional ODE models there is no
patialization of data, that is, the population of all municipalities
s treated as a single homogeneous set. In addition, the different
ultural, economic, and political elements of the municipalities
stablish different internal mechanisms for the epidemic growth,
epresented by their different rates of transmission. This initially
romotes a reduction in the cases growth with the spread of the
nfected population throughout the network.

As seen in Figs. 4 and 5, the dynamics of the people flow
etwork promotes evidence of flattening the cases curve. Con-
idering that the smallest scale of analysis is the municipality,
t was possible to verify that the hybrid model has the peak of
he infected curve very similar to the ODE model with a slight
dvance. On the state and national scale, where heterogeneity is
ncreasingly enhanced, there was a significant difference between
he hybrid model and the ODE in terms of flattening the curve.
he heterogeneity in the hybrid model acts as a temporal limiter
f the interaction between the municipality populations, causing
he epidemic peaks to occur in a chain, generating a pattern
esulting from the unsynchronized sum of the local curves leading
o the flattening of the infected curve at larger scales.

.2. Flux blockage intervention

One of the measures adopted by official bodies worldwide was
o reduce the flow of people circulating during the pandemic.
tudies show that the lockdown [19] and the reduction in the
low of people have significant effects on decision making by
overnment officials. Queiroz et al. [20] showed a significant re-
uction in human mobility through the monitoring of cell phones
nd the flow of people at the airport in the city of São Paulo
Brazil) between the months of February and March. Through
ur model it was possible to observe the effects of the level of
low reduction on the behavior of the curve of infected people
nd municipalities. The normal flow of people makes the virus
pread through the municipalities more easily, causing a greater
ynchrony in the peaks of the different cities, causing a great
eak in the epidemic curve of the states and country (which
orresponds to the sum of the curve of their municipalities). Flow
eduction reduces the number of infected people and promotes
he double peak effect that corresponds to epidemiological peaks
t different times.
The work of Chinazzi et al. [10] , assessed the effect of flow

estrictions in Wuhan, China, as of January 23, 2020. Significant
hanges in the spread of the disease were observed only for a
0% reduction in the flow intercity flow together with a 50%
ncrease in local social distance. In agreement with this work,
ur results also showed a significant reduction in the infected
urve for a flow reduction greater than 90% under the same
onditions of social distance. It was also observed that this result
s achieved only when the restrictions occur in the first 30 days of
he beginning of the epidemic. Our results showed that the antic-
pation of the date for reducing the flow has a great impact in the
eduction of the number of infected people. Taking into account
hat we are analyzing a set of municipalities connected through
ransport network involving air, waterway and road traffic, the
nterruption or reduction of this flow generates a buffering effect
nd delays the spread of the disease. If the flow is maintained, the
ontamination propagules have already been disseminated and
he internal dynamics of infection that will direct the pandemic’s
rogress has already set in. Saez et al. [21] identified a reduc-
ion in the rate of infection in Spain after different measures of
hysical distance, including travel flow. With the advance of the
6

outbreak, local interventions such as lockdown, hygiene, curfew,
mass examinations of the population are more efficient. There-
fore, it is important to monitor human mobility to detect whether
social distance policies are being implemented and adjust them
in places where the population is not adhering to them.

According to our results and considering that a large propor-
tion of coronavirus infections do not present severe symptoms or
even no symptoms, blockages and reduced flow should be strictly
implemented in order to obtain relevant results. This could pro-
vide a convincing explanation for the difficulty of containing the
disease in countries that have implemented flexible restrictions,
such as Brazil and the USA, and for the success of countries with
strict flow rules, such as China and New Zealand.

When we look at the number of infected cities per day, our
results are close to those found by Pujari and Shekatkar [9] for
India. In this study, applying a hybrid model with time delays
incorporated in its flow network, it was found that most Indian
cities were infected in the first 100 days of the beginning of
the epidemic. As seen in Figs. 6(b) and 7(b), in most evaluated
scenarios, practically all cities in the state are already infected
on the 100th day of the disease. From the management point
of view, this behavior is quite interesting, first because it shows
the efficiency of the intervention in controlling the pandemic and
second because it allows managers to take measures that can
restructure the health care system since the number of infected
people is divided in two critical periods.

5. Conclusions

The application of mathematical models to describe the dy-
namics of infectious diseases plays an important role in policy
decision-making in the field of Health Sciences. Typical mathe-
matical models, through non-linear systems of ordinary differ-
ential equations, aim to predict and provide a guide for disease
prevention and control. However, most of the outputs of these
models compromise the policy making process. This is due to the
fact that these methods may not properly take into account the
population heterogeneity, here reflected on the spatial variability
of the susceptible population.

In this work we present an innovative way to analyze data and
parameterize the SIR model accommodating spatial heterogeneity
to improve accuracy and prediction. Based on a hybrid model, we
illustrate how the chain of epidemic peaks occur in the region,
generating an unsynchronized sum of local curves and resulting
in a flattening of the infected curve at larger scales. Our results
demonstrated that reducing the population flow between cities
affects both the number of cases and the spread of the disease
through the municipalities. Moreover, the results emphasize the
importance of measures of lockdown applied in advance on more
dense cities, rather than on zones with a high number of cases.
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